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SPECTRAL FLOW IS THE INTEGRAL OF ONE FORMS ON 
THE BANACH MANIFOLD OF SELF ADJOINT FREDHOLM OPERATORS 

ALAN CAREY, DENIS POTAPOV, AND EEDOR SUKOCHEV 



Abstract. One may trace the idea that spectral flow should be given as the inte- 
0^ ' gral of a one form back to the 1974 Vancouver ICM address of I.M. Singer. Our 

main theorem gives analytic formulae for the spectral flow along a norm differ- 
entiable path of self-adjoint bounded Breuer-Fredholm operators in a semi-finite 
von Neumann algebra. These formulae have a geometric interpretation which de- 
rives from the proof. Namely we define a family of Banach submanifolds of all 
bounded self-adjoint Breuer-Fredholm operators and on each submanifold define 
global one forms whose integral on a norm differentiable path contained in the 
submanifold calculates the spectral flow along this path. We emphasise that our 
methods do not give a single globally defined one form on the self adjoint Breuer- 
■^ , Fredholms whose integral along all paths is spectral flow rather, as the choice of 

Mh ' the plural 'forms' in the title suggests, we need a family of such one forms in order 

(— I , to confirm Singer 's idea. The original context for this result concerned paths of un- 

bounded self-adjoint Fredholm operators. We therefore prove analogous formulae 
for spectral flow in the unbounded case as well. The proof is a synthesis of key 
contributions by previous authors, whom we acknowledge in detail in the intro- 
duction, combined with an additional important recent advance in the differential 
C^ ' calculus of functions of non-commuting operators. 
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1. Introduction 

The notion of spectral flow has been a useful tool in geometry ever since its in- 
vention by Lusztig and its application by Atiyah-Patodi-Singer [1,2]. Until about 
C^^ ' a decade ago spectral flow was considered primarily in topological terms as an 
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intersection number and there seemed to be no analytic viewpoint. This was de- 
spite the observation of I.M. Singer [39] that the eta invariant is the integral of a 
one form and so, from the variation of eta formula in [1,2], by implication one is 
led to ask whether spectral flow is expressible as the integral of a one-form. In this 
K> , paper we provide an answer to this question. 

^ ' There has been a succession of contributions leading to our resolution of Singer 's 

question. We mention initial progress on an analytic approach to spectral flow 
in [24,26-28]. Then in [33,34] an analytic definition of spectral flow was given. 
This definition applied equally to type II von Neumann algebras where opera- 
tors with continuous spectrum may arise (an issue initially raised in [31,32]). A 
key step in synthesising these developments was taken in [10,11] which exploit 
an essential contribution of Getzler [26] to produce spectral flow formulae as in- 
tegrals of one-forms on affine subspaces of the Banach manifold of self adjoint 
Fredholms. Noncommutative geometry plays a key role in all three of these pa- 
pers in that theta and finitely summable spectral triples are utilised. The signifi- 
cant new ingredient in [10,11] was the introduction of general analytic methods 
which demonstrated that these analytic spectral flow formulae apply equally to 
the standard type I situation envisaged by Singer and also to spectral flow along 
paths of self adjoint Breuer-Fredholm operators in a type IIoo von Neumann al- 
gebra. This development was partly motivated by ideas of Mathai on L^ spectral 
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invariants for manifolds whose fundamental group has a non-type I regular rep- 
resentation, see [30]. For the benefit of readers unfamiliar with the terminology 
above we will summarise the relevant definitions in later Sections. Readers inter- 
ested in more details should see the review in [6], while readers unfamiliar with 
the Breuer-Fredholm theory may consult [9, 13]. 

A decisive further development occurred in [5] (see also [4]). The fvmctional cal- 
culus methods of [10, 11] simply do not generalise sufficiently to answer Singer's 
question. A more sophisticated functional calculus is needed and this was pro- 
vided partly in [5] where it is explained how double operator integrals (DOI) give 
a differential calculus for functions of operators. It is the key technical tool we ex- 
ploit in the present paper and in order to make the discussion more self contained 
we develop, in Section 5, the relevant parts of this DOI technique. A second inno- 
vation, which occurred in [42], was a new way to handle paths of unbounded self 
adjoint Fredholm operators. In [42] a spectral flow formula for paths that lie in an 
affine space of relatively bounded perturbations of a fixed tmbounded self adjoint 
Fredholm operator was proved. This inspired the present work whose principal 
aim is to give a very general answer to Singer's question in the case of the Ba- 
nach manifold of bounded self adjoint Fredholm operators and then to deduce a 
generalisation of the unbounded results of [42] from our bounded formula. We 
emphasise that the methods are sufficiently strong to answer Singer's question in 
a general semifinite von Neumann algebra. 

To illustrate our ideas we now summarise a special case of our results. Sup- 
pose M is a semi-finite von Neumann algebra with a normal semifinite faithful 
(n.s.f.) trace t which will be fixed throughout. We take the T-Calkin algebra to be 
the quotient of M by the norm closed ideal generated by the t— finite projections. 
An operator is T-Fredholm (and hence Breuer-Fredholm) if it is invertible in the 
T— Calkin algebra. Suppose that 1 1— > Ft G M is a piecewise C^-path of self adjoint 
T-Fredholm operators such that 1 1 Ft 1 1 ^ 1 and the spectrum of the image of Ft in 
the T— Calkin algebra is {±1}. If the endpoints of this path, Fo and Fi, are unitar- 
ily equivalent, then the spectral flow, sf(Ft], may be computed by the following 
analytic formula 



sf(Ft) = 



T 





(Fth(Ft)) dt, (1) 



where h is a positive sufficiently smooth function on [—1, 1]. The choice of h is 
dictated by the requirement that the RHS of ^ is well defined, namely that 



Ft H(Ft 



dt < +00, (2) 



where j| -jl j^ is the trace norm on M. 

In some special cases, formula ^ has been proved by different methods in [5, 
10,11,42] under significant additional restrictions on the path {Ft}. A feature of 
the methods we employ in this paper is that we are able to remove the assump- 
tion of [5,10,11], that Fredholm paths {Ft} must lie in the affine space of T-compact 
perturbations of a fixed Fredholm operator Fq. This affine space is contractible so 
that the spectral flow of any loop in the space is zero and hence these affine space 
formulae do not directly reveal the rich topology of the space of Breuer-Fredholm 
operators. Every such affine space lies entirely within one of the submanifolds 
described in the abstract and one may recover the 'global' formula of the affine 
space studied in [5, 10, 11] by an approximation argument (although we give de- 
tails only in the unbounded case). We emphasise that the consequences of the 
spectral flow formulae in [10, 11] for affine spaces are quite profound: they imply 
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for example the local index formula in noncommutative geometry in semifinite 
spectral triples [12, 18]. 

In the present paper we shall show that a modification of the approach of [5] 
allows us to prove (dJ under only the requirement (|2|. The formula |[l]l is a special 
case of a much more general formula which we prove in Section 3 of this paper. In 
Section 3 we give expressions for spectral flow along norm differentiable paths in 
the Banach manifold of bounded self adjoint T-Fredholms in a semifinite von Neu- 
mann algebra. The assumptions under which these formulae hold are the minimal 
ones: there are no unnecessary side conditions. As Singer's question was origi- 
nally phrased in the case of spectral flow along paths of unbounded self adjoint 
operators, we deduce, in Section 4, unbounded formulae from our bounded one. 
Namely we prove that, for a pair Dg, Di of unbounded self adjoint x-Fredholms, 
spectral flow along any path joining them that is smooth in the graph norm of Dq 
is the integral of a one form defined on the affine space of Dq -graph norm bounded 
self adjoint perturbations of Dq. This is a strengthening of all previous results (in 
particular, those in [5, 10, 11,42]). 

We now summarise the geometric meaning of ([l]!. In Section 3 we give more 
details. The space 3^f^ of all self adjoint x-Fredholms with norm less than or equal 
to one and with essential spectrum ±1 plays a special role in the theory as we will 
see later. (In the Appendix we show that the well known lemma of [3] that the 
space J^^ is a deformation retract of the space of self adjoint Fredholms with both 
positive and negative essential spectrum still holds in a semifinite von Neumann 
algebra.) As J'f^ itself does not appear to be a manifold we need to take care in 
interpreting our construction. We start with an auxiliary bigger class namely all 
self-adjoint T-Fredholm operators with no essential spectrum in the interval [—5, 6] 
for some 6 > 0. As will be seen later, this class, denoted H^, is an open subset of the 
self-adjoint part of the algebra M and therefore, clearly, is a Banach manifold. Any 
norm continuous path t ^ Ft, t e [0, 1] in the self adjoint T-Fredholm operators 
lies in a 3^5 for some 6 > 0. Then the integrand of l[l]l is a one form in the following 
sense. The integrand comes from the functional Qf defined on the tangent space 
to the manifold of self adjoint x-Fredholms at F e J's by 9f{X] — x(Xh(F)) for a 
suitably chosen C^ function h with support in [—6, 6]. We will see that this func- 
tional gives an exact one form on sufficiently small convex neighbourhoods of F. 
(Note that this geometric viewpoint can be traced back to [26]). Thus ^ is to be 
interpreted as the integral of a one form on a path in 3^^ for 6 < 1 . Note however 
that, in our approach, there is no global one form on the space of all x-Fredholm 
operators that calculates spectral flow. It is necessary to vary 6 and hence the func- 
tion h depending on the path in question. Our general formula (which we do not 
state in this introduction as it requires much more notation than (|l]l) applies when 
the endpoints are not unitarily equivalent. 

For suitable paths, and hence functions hj, we may take 6^1 and in this 
way we recover the unbounded affine space formulae of [10,11]. However the 
geometric interpretation that the resulting formulae are integrals of one forms on 
the affine space has to be reproved ab initio (and we do not do this here cf. [10,11]). 
Also, for the unbounded case in Section 4, we first remark that an unbounded 
self adjoint operator D is x-Fredholm if the operator Fd = D(l + D^)^^^^ is a x- 
Fredholm operator in M. The issue of the differentiability of the map D i-^ Fq 
as a function on the unbounded x-Fredholms has proved in the past to be the 
principal obstacle to proving spectral flow formulae for the unbounded case using 
formulae for the bounded case (see for example the discussion in [42]). One of 
the novelties of our approach in this paper is a very satisfactory resolution of this 
differentiability question described in Section 6. This is used in Section 4 to obtain 
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a straightforward proof of the unbounded formula. As in [26] the motivation for 
our approach comes from questions in noncommutative geometry. In the next 
Section we will explain one relationship of our results to the latter formalism. This 
enables one to understand spectral flow as a pairing of K-homology with K-theory. 

The remainder of the paper is organised as follows. We prove the most general 
formula for spectral flow along paths of bounded self adjoint T-Fredholm oper- 
ators in Section 3. In Section 4 we deduce from the bounded formula a corre- 
sponding formula for paths of unbounded self adjoint T-Fredholms. We present 
the proofs in as direct a fashion as possible deferring technical issues on double 
operator integrals to Section 5 and background on graph norm bounded paths of 
unbounded operators to Section 6. We present a reasonably detailed discussion 
in Sections 5 and 6 to make this paper more self contained and independent of 
previous papers on these two topics. 

Acknowledgements. This research was supported by the Australian Research 
Council and the Hausdorff Institute for Mathematics. We also thank the referee 
and Matthias Lesch for valuable comments on an earlier draft. 

2. Perturbations of spectral triples 

To explain how the calculation of spectral flow presented in the following Sec- 
tions fits into the overall picture in noncommutative geometry [17] we describe 
some preliminary results in this Section. 

A semifinite spectral triple consists of an unbounded self adjoint operator D on 
a Hilbert space J{, a unital *-subalgebra yi of a semifinite von Neumann algebra 
M (with faithful normal semifinite trace t) acting on Oi such that the commutator 
[D , a] extends to a bounded linear operator on Ji for all a € ^l and with D having 
T-compact resolvent in M. 

In previous work spectral flow between operators in the affine space of bounded 
self adjoint perturbations of D was studied in the context of spectral triples and 
a formula for spectral flow proved that provides a first step in the resolution of 
Singer's question. In [10] it is observed that if A is bounded then 

Fd -Fd+a :=D(1 + D2)-i/2-(D+A)(1 + (D+A)2)-i/2 

is T-compact. This observation is crucial to the method of proof of the spec- 
tral flow formulae in [10, 11], namely, one deduces the unbounded formula from 
a formula for spectral flow in the affine space of T-compact perturbations of a 
fixed bounded T-Fredholm operator F. In [10] it was observed that if A is an un- 
bounded self adjoint operator affiliated to M that is bounded in the graph norm 
of a fixed unbounded self adjoint operator D (that is, dom(D) C dom(A) and 
||Av|| < c(||v|| + ||Dv|n for some c > and all v e Dom(A)) affiliated to M then 
Fd — Fd+a is bounded but is not T-compact in M. Thus to prove a spectral flow 
formula for spectral flow between D and a graph norm bounded perturbation us- 
ing the strategy of [10] requires us to prove a formula for spectral flow for general 
paths of bounded self adjoint Fredholm operators. 

The noncommutative geometry framework in the bounded case is that of semifi- 
nite pre-Fredholm modules (a special case of Kasparov modules [17]). For our 
purposes we will only need the following definition. With A and M as above a 
semifinite pre-Fredholm module is given by a self adjoint operator F in M such 
that 1 — F^ is T-compact and [F, a] is T-compact for all a G ^l. (If F^ = 1 then the 
prefix 'pre' is dropped.) 

Lemma 1. (i) Any semifinite spectral triple for A defines a semifinite pre-Fredholm 

module where we choose T tobeY^ = D(l -h D^)^^/^. 
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(ii) If A is a self adjoint unbounded operator such that the D-graph norm of A is less 
than 1 and [A, a] is bounded for all a£ A then D+A also defines a spectral triple 
for A. The semifinite pre-Fredholm module for A given by Fd+a is homotopic to 
that given by Fd ^ith the homotopy defined by the path {Fn+tA/ 1 G [0, 1]}. 

Proof. iQl It is sufficient to observe that, since D has a T-compact resolvent, the 
operator 1 — Fq is T-compact. Observe also that if [D , a] is bounded, then [Fd , n] is 
T-compact (see [37, Theorem 11]). 

lO To see that D + A defines a spectral triple for A, we have to note that the 
operator (1 + (D + A)^)^^ is T-compact (see [10, Appendix B, Lemma 7]). In or- 
der to define a homotopy, the path {Fo+tA, t e [0, 1]}, should be continuous with 
respect to the operator norm. This follows from the fact (see Section [6] and the 
identity (|23] | in particular) that there is a uniformly bounded family of continuous 
linear operators {Tt}o<t<i on M such that 

Fo+tA -FD=tTt(A(l + D2)-^). 

The lemma is proved. D 

Phillips definition of spectral flow [33,34], which is extended and explained in 
some detail in [6], depends on a simple observation. Let x be the characteristic 
function of [0,oo). Let N be a semifinite von Neumann algebra with semifinite, 
faithful, normal trace, t. Let {FJ be any norm continuous path in the bounded 
self adjoint T-Fredholms in Ji (indexed by some interval [a, b]). If we let n be the 
projection onto the Calkin algebra then one may show that tt (x(Ft)) = X (7t(Ft)). 
As the spectra of 7T(Ft ) are botmded away from 0, this latter path is continuous. By 
compactness we can choose a partition a = to < ti < • • • < t^ = b so that for each 
i=l,2,...,k 

l|7t(x(Ft))-7T(x(FJ)|| < - for all t, sin [ti_i,tj. 

Letting Pi — xt^tj for i — 0, 1, • • • , k then by the previous inequality (see [6]) 
Pi-iPi : PiH -^ Pv-iH is Fredholm. Then we define the spectral flow of the path {Ft} 
to be the number: 

sf({Ft})=Xi^d(Pt_iPt) 
1=1 
which is independent of the choice of partition of [a, b] . This analytic point of view 
recovers the intersection number approach to spectral flow when the operators in 
question have discrete spectrum. 

The spectral flow for a D-graph norm continuous path {Dt : t e [0, 1]} of un- 
bounded self adjoint T-Fredholms joining D = Dq to Di affiliated to M is defined 
as the spectral flow along the corresponding path Fd^ of bounded T-Fredholms. 
When u e yi the spectral flow along the path 

Dt := (l-t)D + tuDu* =D + tu[D,u*] 

defines a pairing between the K-homology class defined by the semifinite spectral 
triple (J{, D,yi) andtheclassof uinKi(yi). The preceding lemma gives a condition 
on the perturbation A under which the spectral triple defined by D + A gives the 
same pairing with Ki [A] as does the spectral triple defined by D. 

Notice that for an unbounded self adjoint operator D with (1 + D^]^^ being 
T-compact the map D i-^ Fq has range in the space of self adjoint bounded t- 
Fredhohns of norm less than or equal to one and such that the essential spectrum 
is contained in ±1. That isl — F^, =(1 + D^)^^is T-compact, explaining in part 
the distinguished role played by this retract of the manifold of all bounded t- 
Fredholm operators in the subsequent exposition. 
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3. Spectral flow formula, bounded case. 

Let M be a von Neumann algebra and let t be a n.s.f. trace on M. || jl stands for 
the operator norm on M. Let L^ (M) be the predual of M equipped with the trace 
norm 1 1 • 1 1 j^ . Recall that an operator F G M is called T-Fredholm if and only if 

(i) the projections Np and Np. are t- finite; 
(ii) there is a x-finite projection p e M, such that Ran(l — p) C Ran(F). 

Fiere N^ is the projection onto the Ker(F) and Ran(F) is the range of the operator F. 
Let % be the two-sided ideal of all T-compact operators of M. The quotient 
space M/3C is a C* -algebra. Let rcbe the homomorphism 

7T : M H^ M/X. 

Recall the following characterization of the T-Fredholm operators due to M. Breuer 
(see [9, Theorem 1]): An operator F is r-Fredholm if and only if the image 7t(F) is invert- 

ible. We set 6p = ||7t(F)^^|| . Note that the mapping F i-^ 6p is continuous on the 
Banach manifold of T-Fredholm operators. 

We shall denote the set of all self adjoint T-Fredholm operators F e M by 3^, . We 
also shall denote the subset of J* with ||F|| ^ 1 and 6f — 1 by 9^^^. 

The characterization of M. Breuer implies that if F is a self adjoint T-Fredholm 
operator, then, for every ^ 6 < Sp, the spectral projection E''(— 6, 6) is T-finite i.e., 

t(E''(-6,5)) <+oo, 0s$5< 6f. 

Indeed, fix ^ 5 < Sp. Consider the operator F5 = F — FE''(— 5, 6). We then have 
that 

||7t(F) -7t(F5)|| < IIF-Fsll sc: 6 < 6f = \\n(Tr'f\ 

Consequently, the operator 7t(F5 ) is rnvertible and therefore F5 is T-Fredholm. This 
means that there is a T-finite projection p such that 1 — p C Ran(F5). The latter 
implies that E''(— 6, 6) C p which means that the projection E''(— 6, 6) is T-finite. 
Furthermore, 

Lemma 2. (i) For every ¥ & J^ and every hounded Borel function g supported 

on the interval [— 6p, 6p] such that limx^±6p g(x) — g[±8^) — 0, the opera- 
tor g(F) is r-compact. In particular, if¥£ jj^, then 1 — F^ and ¥ — ^ are 
i-compact, where B — 2x[o,+oo) i^) — 1- 
(ii) For every Fq G ?■» and every < 6 < 6^^, there is a neighbourhood N of Fq such 
that the mapping F i-^ E'^f— 6, 5) is trace norm bounded on the self adjoint part 
o/N. 

Proof. iQl To see that the operator g(F) is T-compact, it is sufficient to show that, for 
every e > 0, there is a T-compact operator Kg such that ||g(F) — Ke|| < e. 
Fix e > 0. Let Xe be the point < Xe < 6p such that 

|g(x]| < e, for every Xe ^ |x| < 6^. 

We set Ke — g(F)x[-xe,xj(T^)- Since the function g is bounded and the projec- 
tion X[-xj,xe] (^) is T-finite, the operator Kg is T-compact. On the other hand, by 
the choice of Xe, we see that 

||g(F)-K,|K sup |g(x)|<e. 

Xe ^|x|^6f 

The proof is finished. 

^ Assume first that Fo G 9^^^. In this special case, the proof employs the 
argument of [5, Lemma 1.26.(ii)]. Let F = Fq -|- A where A is self adjoint and || A|| ^ 
i (1-62). Clearly, 

1 - F^ = 1 - F^ + B 
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where B = FqA + AFq - A^ and ||B|| < i (1 - S^). Let |j,t(X) be a decreasing 
rearrangement of the operator X e M (see [25]). Note that 

This observation together with [25, Lemma 2.5] impHes that 



^t 



(^'(-S'5))<^-^Ht(l-F2) 



€ 



H|(1-F2) + ^.(B) 



Hi(l-Fo) 



1-62 

Since the operator 1 — Fg is T-compact, the function t h^ |j,t ( 1 — Fq ) is decreasing 
to at +00. Thus, we see that the functions t i-^ |j,t (£''(— 6,5)) are uniformly 
majorized across 

FeN = |Fo+A, ||AKi(l-62) 

by a single decreasing function with value ^ at +oo. On the other hand, we know 
that 

M-t (F''(-6,6)) =X[o,T(Ef(-8,s))]- 
Consequently, the value 

t(eF(-6,6)) 
is uniformly bounded across N . 

Let now Fq G ?*. Let be a C^-function such that (i) 9' is nonnegative and sup- 
ported on the interval [-6fo, 6fo]; (ii) e(±oo) = ±1. Clearly e(Fo) G S'f^. More- 
over, the mapping F i-^ 0(F) is operator norm continuous (see Remark [TSll. Con- 
sequently, the claim of the lemma for the general Fq G 3^* holds with the preim- 
age 0^^(N) of the ball N constructed with respect to the operator 0(Fo) G 5F^^ 
above. D 

If t 1-^ Ft G 3^* is a continuous path of self adjoint x-Fredholm operators, then 
sf (Ft ) stands for the spectral flow as defined in [6,34]. We shall prove the following 
analytic formula for spectral flow, which extends that of [42, Theorem 6.4] and [5, 
Theorem 3.18]. 

Theorem 3. Let Ft : [0,1] i-^ J^ be a piecewise C^-path of self adjoint T:-Fredholm 
operators. If K is a positive C^-function supported on [—6, 6], where 6 = mino^t^i ^¥t, 
such that 



(i) j:,'h(x)dx = l; 



(ii) Jo 



Fth(Ft 



dt < +oo; 



(iii) H(Fi) -H(Fo) + iRo - 5B1 G L^{M), where H{x) isanantiderivativeofh(x) 
such that H(±6) — ±i and Bj is the phase of Fj, i.e., Bj — 2x[o +00) (Fj) — 1, 
i = 0, 1; 



then 



sf(Ft) = 



T (Ft h(Ft)) dt + T ('h(Fi) - H(Fo) + ^Bq - ^Bi 



(3) 



Remark 4. (i) Observe that every positive C^ -function h, which is supported on a 
proper subinterval of [—6, 6] (where 6 is defined in Theorem |3] and such that 

h(x) dx — 1, 
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satisfies the conditions of Theorem 3. Indeed, Q is trivial; ||ii| follows from Lemma|2ll|ii| 
which implies that the function t e [0, 1] i-^ ||h(Ft)|j]^ is bounded; and (pTi) follows 
from Lemma 121 (|nil again and the observation that the function 

X(o,+oo){x)---H(x) 

is bounded and supported on a proper sub interval of [—5,6]. 

(ii) In previous papers the case where we work in a subset of the T-Fredholms 
consisting of operators F satisfying the condition (1 — Y^)^/^ is trace class [10] 
or e^'^^'' ' is trace class [11] (the n-summable or theta summable cases respec- 
tively) were studied. Thus in the setting of Theorem |3] we would choose h to be 
given on [—1, 1] by either h(x) — (1 — x^)"-/^ or h(x) — e^'^^" ' and to be zero on 
the complement of [—1,1]. Notice that these two functions do not satisfy the as- 
sumptions of the theorem if we allow operators with essential spectrum ±1. This 
minor difficulty is handled by an approximation argument which we describe in 
the proofs below. 

Let t e [0, 1] 1-^ Ft be a loop of self adjoint x-Fredholm operators, Fq — Fi. 
It is shown in [34, Remark 2.4] that if the loop Ft lies within sufficiently small 
neighbourhood in M, then the spectral flow along this loop is 0. One of the steps 
in proving the analytic formula of Theorem |3] is to show that the integral ||3| is 
also for such loops. This is precisely the part where the proof of the spectral 
formula in [42] exploits the assumption that the mapping t i-^ 1 — F^ is C^ with 
respect to the trace norm. We shall first see that, with some modification, the 
proof of [5, Proposition 3.5] allows us to avoid the latter restriction (see Theorem|5] 
below). This modification is based on results from [20,21,36]. 

Let Fq G M be a x-Fredholm operator and let N (Fq ) be the neighbourhood given 
by 

N(Fo)={FeM, ||7T(F-Fo)||<6pJ. 
Clearly, applying M. Breuer's result, every F e N (Fq] is T-Fredholm. Observe also 
that N (Fq) is convex. 

Theorem 5. Let t e [0, 1] ^^ Ft e J* be a piecewise C^-loop (Fq — FiJ of T:-Fredholm 
operators such that Ft € N, t e [0, 1], where N is an open convex subset of M such that 
the norm closure N is a subset o/N (Fo). Ifhisa positive C^-function such that 
(i) supp h C [—6, 6] where 6 — minpeN 6f > 0; 



(ii) Jo 
then 



FtMFt 



dt < -l-oo, 
1 



xfFtMFt]) dt = 0. 
^ 



Proof. Observe that, since the space L^([0, 1],L^(M)) (= the space of all Bochner 
integrable L^ (M)-valued functions on [0, 1]) is separable, for every function h such 
that supph C [—6, 6] there is a sequencqj of positive C^ -functions (hn)'!^^! such 
that 



supphn C (—6,6) and lim 



FtHn(Ft)-Fth(Ft: 



dt = 0. 



To this end, it is sufficient to construct a sequence of functions hn such that the difference H — hn 
is uniformly bounded and the support of the difference H — Hn vanishes as n ^ oo and then refer to, 
e.g. [16, Proposition 2.1]. Observe also that one can also achieve that 

Hn(xl dx = 1, Vn > 1. 
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Consequently, 

T fPt Hn(Ft)) dt = 0, Vn ^ 1 =^ T (ft H(Ft)] dt = 0. 



Thus, without loss of generality, we may assume that supp h C (—6,6). 

Let supph C (—6, 6) and let g be a positive function such that supp g C (—6, 6), 
g 2 e C^ and g(x) — 1 for every x in some neighbourhood of supp h. Let us show 
that the mapping t e [0, 1] i-^ g(Ft) is a continuous function with respect to the 
trace norm. Indeed, by the representation 

g(Ft)-g(Fs) = g^(Ft)(g5(Ft)-g5(F3)) + (g^{Ft)-g^(Fs)) g^(Fs], 

is it clear that this mapping is continuous in the trace norm provided the func- 
tion t 1-^ g^{Ft) is continuous in the operator norm and bounded in the trace 
norm. For the former, note that t i-^ Ft is operator norm continuous and g 2 e C^ 
and therefore the path t 1-^ g^fFt) is also operator norm continuous (see Re- 
mark [18]|. For the latter, observe that (i) ^ g(x) ^ xM/ for some indica- 
tor function x of a proper subinterval of (—6,6); (ii) consequently, according to 
Lemma 121®/ the function t 1-^ g^ (Ft) is bounded with respect to the trace norm 
in a small neighbourhood of every point t £ [0,1]; (iii) finally, due to compact- 
ness, this function is also globally bounded. Observe also that, since h is C^, the 
mapping t 1-^ h(Ft) is operator norm continuous (see Remark [18|. Furthermore, 
since h(Ft) — h(Ft)g(Ft), the mapping 1 1-^ h(Ft) is also continuous with respect to 
the trace norm. We shall single out the argument presented above as the following 
lemma. 

Lemma 6. For every Fq G 3^* and every C'^ -function h supported on a proper subinterval 
of [— 6fo, 6pq], there is a neighbourhood N o/Fq such that the mapping F e N 1-^ h(F) is 
trace norm continuous on the self adjoint part o/N. 

From this point on, the proof of Theorem |5] follows that of [5, Proposition 3.5]. 
We shall show that there is a function 9 : N 1-^ C such that 

dep(X) =T(Xh(F)), XeM. (4) 

In other words, we shall show that the one form t (Xh(F)) is exact. This will finish 
the proof. 

Fix the element F e N (Fq). For the rest of the proof, re [0, 1] 1-^ Fr G N stands 
for the straight line path connecting Fq and F (i.e., Yr — ( 1 ^ i")Fo +rF). We introduce 
the function : N 1-^ C as follows 

' T(F,h(F,)) dr. 

Let d0F (X), X e M be the differential form of 9, i.e., 

d9F{X) := lim - (0(F + sX) - 9(F)) . 

s^O S 

Now we prove l|4jl. Fix X G M. Following the definition of the function 9, a simple 
computation yields 

rl 

T(Xh(Fr + srX)) dr 



-(9(F+sX)-0(F)) 
s 



T(^F,i(h(F, + sTX)-h(F,))) dr, (5) 



where r e [0, 1] i-^ Fr is the straight line path connecting Fq and F. 
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Let us consider the algebra IM = L°°[0, l](g)M equipped with the trace Ti = 
Jg dr (g) T (see [41]). The mapping F : r i— > Fr is a Ti-Fredholm operator in 3Nf 
with 6p ^ 6 and the mapping X : r i— > rX is an element of "N. Applying Lemma |6l 
we see that the mapping s i-^ h(F + sX) is continuous in L^ (N) in some neighbour- 
hood of 0. Consequently, letting s ^ 0, yields that the first term in (|5j approaches 



T(Xh(Fr)) dr. 



For the second term of (|5]l, we shall show that 



lim 



T ( F, - (h(F, + srX) - h{Tr]] ] dr = 



rT(X^[h(F,) 
V dr 



dr. 



(6) 



If (|6j is proved, then, letting s ^ 0, we see from |(5j that 

dey{X)^x(x( h(F,)+r-^[h(F,)] dr 
Thus, to finish the proof of (|4j, we have to show that 



h(F,) 



■r^[h(F,) 
dr 



dT = h(F). 



This readily follows if we integrate the second term by parts. Namely, integrating 
by parts, we have 



dr 



dr = K(Fi)- 



h{T r) dr. 



Next we prove (|6j. The proof of lO heavily relies on the theory of Double Oper- 
ator Integrals (DOIs) developed in [20, 21, 36] recently. We will describe in Section 
5 sufficient background on DOIs for the reader to appreciate their role in this Sec- 
tion. Let again J^ — L°°[0, l](8iM be a tensor product von Neumann algebra with 
the trace Ti = J^^ dr (X) t. It is proved in Lemma [19] below that there are familieqj 
of linear operators {Ts}, {Tjj and {T"} uniformly bounded on "N and on L^ (3\f) such 
that 



(a) T^^T.'+T;'; 

(b) T3'(Y) = g(F,^ 



srX) T; (Y), Y eJ<; 



(c) T3"(Y)=T;'(Y)g(F,],Ye?^; 

(d) h(F, + srX)-h(F,)=T3(srX); 

(e) A[H(F,)]=To(F,); 

(f) T(To(Y)Z)=T(YTo(Z)],Y,Ze:M; 

(g) linis^o ||T,'(Y) -To'(Y)||i = liiiis^o l|T,"(Y) - To"(Y)|li = 0, Y e L^^). 

Observe first that (|a), ijbj and (|c) together with the fact that the mapping s i-^ 
g(F-)-sX) is trace norm continuous, readily implies that TsjTgjTg" e B(3^,L^(K)). 
In particular, the fact that the operator Tq € B (3^, L^ (N) ) and (|ej guarantee that the 
mapping t t-^ -^ [h(Fr)] is trace norm continuous and the right hand side of © is 



The property (e) follows from the corresponding statement of Lemma[T9lif one takes the group of 
♦-automorphisms given by translations in L°° [0, 1] (g)3Vt, i.e. 

Tt{Fr) =F,+t, F, e?^, r,te [0,1] 

where the group [0, 1] is equipped with summation modulo 1 
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well-defined. Furthermore, 

- iWr + srX) -h(Tr)) ^ TslrX) = 
s 

m, ©and © = g(F, + srX) T,' (rX) + T/' (rX) g(F,) 

= (g(F, + srX) - g(F,)) T^ (rX) + g(F,) T/ (rX) + T^'lrX) g(F,). 

Letting s ^ yields 

limi{h(F, + srX)-h(F,)) 1 g(F,) To'(rX) + To"(rX) g(F,) 

© and © = To' (rX) + %' (rX) 1 Tq (rX) , 



where the limit converges in L^(?^). Finally, 



limTi (F,i(h(F, + srX)-h(F,)) 
s^O V s 



Jl 



:Ti(F,To{rX)) yTi(xTo(rF, 



iT,(xrA[h(F.] 

Thus, (|6j is proved. D 

Let us now proceed with the proof of Theorem|3l 

Proof of Theorem\3\ Note that similarly to the proof of Theorem |5l we may assume 
thatsupphC (—6,6). 

Let us show that without loss of generality, we may assume that the path 1 1-^ Ft 
is contained in 3^^^. Indeed, consider a C'^-function 9 such that suppS' C (—6, 6) 
and0{±6) = ±1. Let us introduce the path t h^ Gt = 9(Ft) and the function k(x) = 
K'(x), where K is such that H(x) = K(e(x)). Observe that Gt G S't^ and be, = 1. 

Let us verify that the path t t-^ Gt and the function k(x) satisfies the assump- 
tions of Theorem 131 Q is clear from 



1 = 



h(x) dx — 

-6 



k(e(x))e'(x)dx = 



-5 



k(y)d-y. 



For lull, note that, (a) since suppk is a proper subinterval of (—1, 1), the func- 
tion t H^ k(Gt) is bounded with respect to the trace norm ||-||]^; (b) according to 
Remark [l8l the path t h^ Gt is C^ with respect to the operator norm. Conse- 
quently, the quantity in the assumption (jnll is finite. (pTi) is clear, since 

K(Gj)=H(Fj) and xio,+oo)(Gj) =x|o,+ooi(Fj), i = 0, 1. 

Thus, we see that the path t i-^ Gt and the function k(x) satisfies the assumption 
of Theorem|3land Gt e 3^t^- 

On the other hand, we also have that 

sf(Ft) =sf(Gt) and rfFt^Ft)) ^xfCtklGt)) , < t s; 1. 

The former is clear from the definition of the spectral flow. For the latter, observe 
that there is a uniformly bounded family of continuous linear operators {Tt}o<t<i 
on M such that Gt = Tt(Ft) (see Lemma [191 (|e1l) such that 

T(Gtk(Gt)) =T(Tt(Ft)k(e(Ft))) =T(Fte'(Ft)k(e(Ft))) = t (Fth(Ft)) , 
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where the second identity is due to Lemma |2C 

Therefore, for the rest of the proof, we assume that the path t i-^ Ft is taken 
from J^^ and supph C (—1, 1). 

For every t e [0, 1], let Nt be an open convex set given by 

Nt={FeM, ||7t(F-Ft)||<et}CN(Ft), 

for some < et < 1 such that supph C (— 6t,5t), where 6t = minFgN^ 5^ (one 
can find such Nt since the mapping F i-^ Sp is continuous with respect to the semi- 
norm IItt (Oil). The preimages of the family {Nt}o<t<i under the mapping t i-^ Ft 
produce an open covering of [0, 1]. Consequently, due to compactness, we can 
finitely partition the segment [0, 1] by some points 

= to < ti < . . . < tn = 1 

such that every segment t e [tk-i, t^] >-> Ft of the path 1 1— > Ft lies within the open 
convex set N^ — Nt^ C N(Fk) and supph C (— 6^, S^], where 5^ — minpeNk ^e- 
Observe also that identity ^ (which we are proving) is additive with respect to 
partitioning of the path 1 1-^ Ft . Thus, we need only to prove this identity for each 
segment [tk_i , t^]. Hence, from now on, we shall assume that the path t G [0, 1] i-^ 
Ft lies entirely within the convex open set 

N={FgM, ||7t(F-Fo)|| <e}CN(F) 

for some < e < 1 and that supp h C (—5, 6), where 6 — minF^N 6p. 

LetBj — 2xio,+oo)(l^j)— 1/i = 0, 1 be two involutions and let t e [0, 1] i-^ Btbethe 
straight line path connecting Bo and Bi (i.e., Bt = (1 — t)Bo + tBi). Since Fj e jf^, 
by Lemma IJl©, the difference Fj — Bj is T-compact and therefore 7t(Fj — Bj ) =0. 
The latter implies that the loop 

Fo > Fi 



Bo < Bi 

lies within the set N, where the segment Bo -^ Fo and Fi -^ Bi are the straight line 
paths. Applying Theorem|5]for this loop implies that 



1 



T BtMBt] dt 







T FtMFt) dt + yi-To, 



where Yj are the integrals along the straight line paths connecting Fj and Bj, i.e.. 



Let us show that 

HfF.I 



T({Fj-Bj) K((l-t)Fj+tBj)) dt, j=0,l. 



2 



n 







(Fj-Bj)h((l-t)Fj+tBj) dt, j=0,l (7) 



Observe that every operator in l(7|| is a function of Fj . Moreover, the operators on 
both sides of this identity are supported on the projection Ej = Xsupph(Fj )• Indeed, 
on the right hand side, the support is determined by the function h, and, on the 
left hand side, observe that the function 

•^^2 (^lo.+°o) ^^(-°o.o)) 



appUed to the function 



*(A,^) = k^(e(A))^i^l^iM„^(e(^t) 
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vanishes outside of the support supph, which clearly implies that H(Fj ) — ^Bj is 
supported on Ej. Thus, we may consider the identity on the algebra generated 
by the operator EjFj. Since the projection Ej is T-finite, the latter algebra is *- 
isomorphic to a subalgebra L°°(R, dff), where cr(A) = t (xa(1^j ) Ej )/ A C M. 

In the setting of the algebra L°° (R, dcr), identity (O holds a.e. due to the Newton- 
Leibniz theorem and the integral converges with respect to the ultra-weak topol- 
ogy This, in particular, implies that H(Fj) - ^Bj e L^M, dcr) C L^M). Taking 
trace t from the latter identity gives 

Tj=T(^H(Fj)-iBj 

Observing that from the definition of the spectral flow, it follows that sf (Ft) 
sf (Bt), it is clear that to finish the proof we need only to show now that 

ri 



sf{Bt 



T(Bth(Bt)) dt. (8) 



The argument establishing ^ is similar to [42, Proposition 4.3]. Observe, that 
the path Bt consists of invertible operators excepting the point B i . Observe also 
that the operator B| commutes with the every Bt, t G [0, 1]. Let 6i be such that 

2 

< 6i < 6 and supph C [— 5i, 6i]. Since Bi e N, the projection E — X[o,6?] (^1 ) 
is T-finite. Moreover, the projection E commutes with every Bt, t e [0, 1]. Let us 
decompose the path t h^ Bt into the direct sum of two paths 

tK^EBtE and tH^ {l-E)Bt (1-E). (9) 

Observe now that the second path in the latter decomposition consists of invert- 
ible operators (in the algebra (1 — E)M(1 — E)) and therefore the spectral flow 
vanishes on this path (see [34, Remark 2.3]). On the other hand, due to the choice 
of 5i and the projection E, the spectrum of (1 — E]Bi(l — E) lies outside of the 

interval [—61,61]. Furthermore, it is easy to see the inequality B^ ^ B|, which 

2 
means that the statement about the spectrum of Bj. above is equally valid for ev- 
ery (1 — E) Bt (1 — E). Thus, we see that 

h{(l-E)Bt(l-E))=0, te[0,l] 

and therefore the integral in (|8) also vanishes on the second path in the decompo- 
sition ^. 

Identity (jSjl is additive with respect to direct sums. Consequently, we need to 
prove (jHJ only for the path 1 1-^ EBtE. Regarding the latter path as a path in a finite 
algebra EME, the identity follows from [6, § 5.1]. D 

It now follows from the arguments in this Section that we have also proved the 
following result. 

Corollary 7. Let Jg be the set of self adjoint r-Fredholm operators in "N whose essential 
spectrum does not intersect the interval [—6, 6]. This is an open submanifold of the Banach 
manifold of all self adjoint r-Fredholm operators. For h as in Theorem\3\the one form 9 
on 3^i, given by defining for each F G ff's the functional 9p on the tangent space to Js at 
Y hy X ^ T(Xh(F), is closed. Spectral flow along any piecewise C^ path in Jg may he 
interpreted as being obtained by integrating this one form. 

4. Spectral flow formula, unbounded case. 

We shall now discuss analytic formulae for paths of unbounded self adjoint lin- 
ear operators. Across this Section, t e [0, 1] i— > Dt stands for a path of unbounded 
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self adjoint linear operators affiliateqj with M. In order to to be able to compute 
the spectral flow of this path we assume that the path t e [0, 1] i-^ Ft = ^(Dt) is a 
continuous path of x-Fredholm operators, where 

{1+X2)2 

In this case, by definition, we set sf (Dt) — sf (Ft). Furthermore, to be able to con- 
sider analytic formulae for the spectral flow of the path Dt, we shall also impose 
a smoothness assumption onto Dt. Namely, the following definition is in order. 

Definition 8. (i) A path t e [0, 1] h^ Dt is called F-differentiable at the point t — 

to if and only if there is a hounded linear operator G such that 

Dt-Dt„ 



lim 



(1 + D 



to J 



-G 



= 0. 



In this case, we set Dt^ = G (1 + D^ ) 2 . The operator Dt is a symmetric linear 
operator with the domain dom(Dt) (see Lemma l25l below). 
(ii) If the mapping t 1-^ Dt(l + Dt)^^ is defined and continuous with respect to 
the operator norm, then we call the path t ^^ Dt continuously V-differentiahle 
or C\-patl^ 

The main analytic spectral flow formula in the unbounded case is given by the 
following theorem. 

Theorem 9. Let t e [0, 1] 1-^ Dtbe a piecewise C\-path of linear operators and -SfDt) G 
J^^. i/g : R 1-^ R zs fl positive C^ -function such that 

(i) J:-gWdx = l; 



(ii) Jo 
(iii) G(Fi 



Dtg(Dt: 



dt < +00; 



■iBi-G(Fo)+^Bo e \} [JA], where 'Q^ are the phases of V)^,) =0,1, i.e., 



Bj = 2x[o,+oo)(Dj)— 1, flwdG is the antiderivative of g such that G (±00) = ±^; 



then 



sf{Dt) 



T ptg(Dt] dt + T G(Di 



G(Do 



+ iBo 



Since the spectral flow for a path of unbounded linear operators is defined by 
the spectral flow of the corresponding path of bounded operators (via the map- 
ping D 1-^ ^(D)), the proof of the theorem above is based on a reduction to 
the "bounded" spectral flow formula given by Theorem 13 In this reduction the 
main part is the question whether the path t h^ ^(Dt) is C^ in the operator norm 
provided the path t h^ Dt is Cp. The latter question has been left open in [42] 
(see p. 21). We shall resolve this problem in Theoreml22lbelow. 

Proof of Theorem^ As in the proof of Theorem |3l we may assume that the func- 
tion g is compactly supported (see footnote [T] on p. [8]l. Let h be a fimction such 

that 

, , h(^(x)) 

g X = 3- 

(l + x2)i 

and let Ft = ^(Dt). The function h is a C^-function supported on a proper subin- 
terval of [—1, 1] and Ft G Jf ^ by assumption. 



Recall that a linear operator D : dom ( D ) 1— > CK is called affiliated with a von Neumann algebra JVC 
if and only if u-(dom(D)) C dom(D) and ii*Du = D for every li G 3Vt'. 

It may be shown that the class of all Cp -paths is the class of all paths which are continuously dif- 
ferentiable with respect to the graph norm of some fixed operator on this path (see [42]). We, however, 
will not use this connection below 
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Let us verify that the path t G [0, 1] i-^ Ft G 3^t^ and the function h satisfies the 
hypothesis of Theorem|3l 

(i) Due to Theoreml22l the mapping 1 1-^ Ft is piecewise C^. 
(ii) Observe that 



h{d) d& 



hmx))d'(x)dx: 



g(x)dx= 1. 



(iii) Since g is compactly supported, the function h is supported on a proper 
subinterval of [—1, 1] and therefore the mapping t i^ h(Ft) is continuous 
in the trace norm (see Lemma [SJl. In particular. 



FtH(Ft 



dt < +00. 



Applying Theorem|3j we readily obtain that 



sf(Dt) = 



T(Fth(Ft)) dt + ^(H[T,]-H[To]-^B, 



:Br 



Note that if H(x) is the antiderivative of h(x) such that H(±l) = ±i, then H(^(x] ] 
G(x). Consequently, 

H(Fj)=G(Dj), 3=0,1 
and 

T (Ft h(Ft)) = T (Dte'(Dt) M^(Dt))) = T (Ot g(Dt)) , t e [0, 1]. 

The theorem is proved. 



n 



Before we consider applications of Theorem |9j let us note that applying the ar- 
gument of the proof above to Theorem|5j we obtain the answer to Singer's question 
in the form framed for elliptic operators on compact manifolds. 

Theorem 10. IfD is a self-adjoint linear operator with r-compact resolvent and g is a 
C^-function, then the one form T(Vg(D)) is exact on the affine space of all D-bounded 
perturbations V such that Vg(D) g L^(!M). In other words, if t <E [0, 1] i-^ Dt is a 
C\-loop (Do = DiJ of unbounded self-adjoint linear operators with r-compact resolvent 
such that 

rl 



Dtg(Dt; 



dt 



T Dtg(Dt) dt = 0. 



is finite, then 



By choosing specific functions g. Theorem |9] above allows a number of impor- 
tant corollaries. We shall state only two of them in Theorems [TT1 and [121 below. 
These theorems extends [42, Propositions 6.7 and 6.9] and earlier results of [10,11]. 

Theorem 11. If t £ [0, 1] i-^ Dt is a piecewise C\-path of unbounded linear operators 
such that Dt is Q-summable^ t e [0,1] and 



rl 



Dte 



-eUi 



dt < +00, e > 0, 



A self adjoint operator D is called 9-summable if and only if e '^^' G L^ ( M) for every e > 0. 
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then 

sf(Do,Di) 

where 



(Dte-^°' 



GW = 



dt 



■T(G(Di)-iBi-G(Do] + iBo), e > 0, 



dt- 



Proof. The proof is specialization of Theorem|9]to the case g(x) — y^e '^^ , pro- 
vided we have checked that 

^(Dt) e Jt\ t e [0, 1] and G(Dj) - ^Bj e L^IM), j = 0, 1. (11) 

For the first statement in ((TTIl , observe that 

e""^' X|-n,n] M ^ e-"' , X e M, n ^ 1, 

which means that every projection Xi-n,n] (Dt) is T-finite. Furthermore, note also 
that, under the mapping x i-^ ^(x), compactly supported indicator functions are 
mapped onto indicators of proper subintervals of [—1, 1]. Thus, we see that if Ft = 
^(Dt), then every projection x(Ft) is T-finite where x is an indicator of a proper 
subinterval of [—1, 1]. Consequently, Ft e Jf^. 

For the second statement in (Til l, let us consider the function 



Clearly, 



f(x) =G(x)-X[0,+oo)('') + 



G(Dj)-iBj=f(Dj; 



(12) 



Thus, the required assertion follows from the estimate 



2 e 



|f{x)| ^e-^"- J^ e-t^-dt 

and the fact that Dt is 0-summable. D 

Theorem 12. If t e [0, 1] i-^ Dt is a pieceiuise C^-ipath such that Dt is Tp-summabl^for 
some 1 ^ p < oo and 



[l + Dl] 



dt < +00, 



then 

sf(Do,Di) 

where 



9 ^ — 1-^ — 1 



T Dt(l + D^)---2 dt 



■T(G(Di)-iBi-G(Do) + ^Bo), 



(l+x2)-^-^dx, G(x] = — 



fl+t2)-*-^dt-4. 



A self adjoint operator D is called p-summable, for some 1 ^ p < oo if and only if ( 1 + D^ ) "2" G 

V-[M) 
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Proof. The proof consists of specialization of Theorem |9] (and justifying ((TTl l) for 
the case g(x) — -^-(1 +x^)^2"^2. 

By the assumption, the mapping 1 1-^ Dt(l + D^)^2 is operator norm continu- 
ous, hence 



Dt(l + D2)--- 



dt < +00. 



Now, for the first statement in l(TT|l as in the proof of Theorem ITT] it is sufficient 
to note the estimate 

(l+n2)-*-5x[_n,n](x)sC(l+x2)-t-5, xgR, n>l. 

Consequently, every projection X[-n,n] (Dt) is T-finite and the argument is repeated 
verbatim. 

For the second statement in (Til l, we shall estimate the function f (x) given in ((121 
as follows 



|f(x)| = 



1 



-M 



ll + t' 



dt ^ 



1 



— C« 

1 



ItPP-^ dt 



2* 



PCr 



PCr 



fi + x^r^, ixi > 1. 



n 

A customary assumption in non-cormnutative geometry (see [5, 10, 11]) is that 
the path t G [0, 1] i-^ Dt is C^ with respect to the operator norm (which is a stronger 
assumption than the Cp assumption). Under this assumption, the statement of 
Theorem [11] remains exactly the same (except the symbol Dt now stands for the 
ordinary Gateaux derivative). On the other hand, when 1 1-^ Dt is a C^-path in the 
operator norm. Theorem [12] changes to Theorem [13] below. In the latter theorem, 
we no longer need the additional resolvent factor under the trace in the spectral 
flow formula to guarantee summability. The observations above, regarding piece- 
wise C^-paths t h— !■ Dt, cover the spectral flow formulae proved in [5,10]. Observe 
also that, in the latter case, the p -summability assumption is no longer sufficient 
to guarantee that the end points satisfy the boundary assumptions of Theorem [9] 
and therefore we have to require this explicitly in Theorem[l3]below. 

Theorem 13. 1/ t e [0, 1] 1— > Dt is a piecewise C^-path (with respect to the operator 
norm) such that Dt is j)-summable for some 1 ^ p < 00, 



:i + D?]-* 



dt < -1-00 



and 



then 



G(Di)-iBi-G(Do) + iBoeLi(M), 



sf(Do,Di) = 



where 



T Dt(l + D^)-^ dt 



+ T(G(Di)-iBi-G(Do) + iBo), 



■+00 -1 

(l+x^l-tdx, Gfxl = — 



(l+t2)-*dt- 
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5. Double operator integrals. 

In this section, we shall briefly outline the theory of double operator integrals 
(DOI) , developed recently in [19-21,36,37]. This theory unifies several different 
approaches of harmonic analysis to smoothness properties of operator functions. 
In the present section, we shall mostly present the results (proved somewhere 
else) needed to complete the proof of Theorem|5](see properties ©-Ifgll) and those 
needed in Section[6l 

The theory of double operator integrals is a method of giving an integral rep- 
resentation of the difference f (A) — f (B) where f is a bounded Borel function and 
A and B are self adjoint. In the case when A, B are n x n matrices with spectral 
representation A — ^jLi'^jEj/ B = ^j^i M-kl^k (here Ej and F^ denote spectral 
projections) this integral representation is obtained from the following elementary 
computation 

f(A)-f(B)= j_[i{\^]-i[v.y_]]-L^\^^ j_ lM_[iMiE.(A-B)Fk. 

In other words, we have just represented the difference f (A) — f (B) as the Stieltjes 
double operator integral J J -^-t-^-^^Ej (A — B)Fk. Notice that we are making use 
of the bimodule property of the n x n matrices. An exposition of an early version 
of DOI which may assist the reader may be found in [38]. 

It is precisely the generalisation of this perturbation formula to infinite dimen- 
sional analogues that constitutes the essence of the double operator integration 
theory initiated by Daletskii and Krein and developed by Birman and Solomyak 
for type I factors, and further extended to semifinite von Neumann algebras in 
[17,18,16] and [31,32,34] to which we refer for additional historical information 
and references. 

Let M be a semi-finite von Neumann algebra and let t be a n.s.f. trace. The 
symbol £ stands for a non-commutative fullju symmetric ideal associated with 
the couple (M,t) (see [15,22]). In particular, U' , 1 < p < oo stands for the non- 
commutative L^-Schatten ideal. Furthermore, the symbol £^ stands for the Kothe 
dual fi'^ of a symmetric ideal £ (see, [23]). In particular, if £ = U' , 1 ^ p ^ oo, 

then £^ = W' , where i + ^ = 1. 

' p p 

We shall let Do,Di denote self adjoint unbounded operators affiliated with 
M. Let dE°, dEJi^ be the corresponding spectral measures. Recall that for every 

Ki,K2ei:2 

T(KidE^K2dEj,), A,HeR 

is a ff-additive complex-valued measure on the plane M^ with the total variation 
boundedby||Ki||2||K2||2, see [21, Remark 3.1]. 

Let (f) = 4) (A, 10.) be a bounded Borel function on K^ . We call the function cj) dE° ® 
dL^-integraMe in the symmetric ideal £, if and only if there is a linear operator T^ = 
Td,(Do,Di) e B{£) such that 



T(KiTrf,(K2)) = 



4)(A,^)T(KidE0K2dEj,), (13) 



for every 



Ki GiL^pgx ^^j K2ei:^n£. 



We shall omit the word "fully" in the sequel. 
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If the operator Ttj^fDo, Di) exists, then it is unique, [21, Definition 2.9]. The latter 
definition is in fact a special case of [21, Definition 2.9]. See also [21, Proposi- 
tion 2.12] and the discussion there on pages 81-82. The operator Tcj, is called the 
Double Operator Integral. 

We shall write c}) e 0(£) if and only if the function (\> is dE° (g) dE^-integrable in 
the symmetric ideal £ for any measures dE° and dE^. 

Theorem 14 ( [20,21]). Let Dq, Di be unbounded self adjoint operators affiliated to M. 
The mapping 

4)^T^=T^{Do,Di)eB(£), 4)e(D(£) 

satisfies T^,. — Tt and I^t^ — J^l^,. Moreover, ff a, (3 : M i-^ C are hounded Borel 
functions and z/4)(A, ]x) — a(A) (resp. (p{\, [i) — (3(|i.)), A, p. e R, tlten 

T^(K) = a(Do)K (resp. T^(K) = K |3(Di)), K e £. 

The latter result allows the construction of a sufficiently large class of functions 
in O ( £ ] . Indeed, let us consider the class 2lo which consists of all bounded Borel 
functions 4)(A, |x). A, p. e K admitting the representation 



as{A]|3s(H)dT(s) (14) 



s 



4){A, |j.) 

such that 

llocslloo ||(3s||ood-v(s) < oo, 
. s 

where (S, d-v) is a measure space, as, (3s : M i-^ C are bounded Borel functions, for 

every s G S and |1 • |loo is the operator norm. The space 2to is endowed with the 

norm 



4>lko :=inf 



s 



ocslloo ||(3s||ood-v(s), 



where the minimum runs over all possible representations ((T4l l. The space 2lo to- 
gether with the norm || • \\<^g is a Banach algebra, see [20] for details. The subspace 
of 2lo of all functions cf' admitting representation ((T4) l with continuous functions as 
and (3 s is denoted by Cq. The following result is a straightforward corollary of The- 
orem [I4j 

Corollary 15 ( [20, Proposition 4.7]). Every cj) e 2[o is dE° (g) dE^-integrable in the 
symmetric ideal E for any measures dE", dE^, i.e. 2to C cl)(£). Moreover, if J^ = 
T(j5(Do, Di),/or some self adjoint operators Do, Di, affiliated with M, then 

for every cf) e 2lo. 

The major benefit delivered by the double operator integral theory is the obser- 
vation that, if D is a self adjoint linear operator affiliated with M and A is a self 
adjoint perturbation from £, then the perturbation of the operator function f(D) 
(where f : K h^ C) is given by a double operator integral. Namely, 

f(D+A)-f(D)=T^,{A), 

where T^, := T^p,(D + A,D) e B(£) and 

xl^f (A, v^] = li^l^M, A ^ ^i, M\ A) = f (A). (15) 

A — |J. 

The identity above is proved in Theorem [TtI below. The proof is based on the 
following lemma which is a slight generalization of [21, Lemma 7.1]. The proof of 
the lemma is a repetition of that of [21, Lemma 7.1] and therefore is omitted. 
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Lemma 16. Let Dj be self adjoint linear operators affiliated with M ivith corresponding 
spectral measures E^ — E°' [— n, n], j = 0, 1, n = 1, 2, .... If 

4){Ai,Ao) = ^^i|rT^^f(Ai,Ao) G cl,(£), (16) 

ai(Ai)ao(AoJ 

zvhere f fs a Borel function and a,, Pj are bounded Bor el functions, then, for every K e £, 

Ej,(3i{Di)[f(Di)K-Kf(Do)] Po{Do)E^ 

= T^(E>i(Di) [DiK-KDq] ao(Do)EO). 

Theorem 17. Lef f fee a Borel function and let aj anrf |3j, j — 0,1 be bounded Borel 
functions. Let Dj, j = 0, 1 te self adjoint linear operators affiliated with M and /ef A e M 

B = cci(Di) [DiA-ADq] ao(Do) £ M. 
If 4) e 0(M), where the function cj) /s gri'en in (fl6l >, f/ze« 

C = pi(Di) [f(Di)A-Af(Do)] (3o(Do)eM 
and 

Proof. To be able to define the operator C, first we have to ensure that 

A(3o(Do)[dom(Do)] C dom(f(Di) (3i(Di)). (17) 

To this end, we shall consider the bilinear form 

q(t,Ti) = (A(3o(Do)tJi(Di)f(Di)Ti) 

- (|3i(Di) A|3o(Do) f(Do) t,Ti), E, £ dom(Do), t] G dom(Di). 

Consider the spectral projections E^ — E^' [— n, n]. Let 

B^=E>i(Di) [DiA-ADo] ao(Do)E° 

and 

Cn=E^|3i(Di) [f(Di)A-Af(Do)] |3o(Do)E^. 
We obtain from Lemma [161 that 

Crt = T(|,(Bn.). 

Since the set of operators {Bnjn^i is uniformly bounded and cf) G 0(M), this im- 
plies that the operators Cn are also uniformly bounded. Furthermore, we see that 

lim (Cnf„ri) = q(£„ri), £, € dom(Di), ri E dom(Do). 

Consequently, the form q(£„ri) is bounded and therefore we have ((17) |. Thus, the 
operator C is properly defined and bounded. Moreover, since doni(Dj), j = 0, 1 
are dense in IK, we also have that 



wo — lim Cn = C. 

TL^OO 



Observe that we also have that 

wo — lim Bn = B. 

n^oo 

Since the operator T(|, is continuous with respect to the weak operator topology 
(see [36, Lemma 2.4 and the proof of Proposition 2.6]), we finally obtain that 

T^(B)=C. 

n 
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Remark 18. It is clearly seen from Theorem fV7\ that, if ijjf e 0(M), then the func- 
tion f maps (uniformly) operator norm continuous paths into themselves. On the 
other hand, we know from [37, Theorem 4] that, for every function f : M i-^ C such 
that 

PlUe + P'lUe < +0°' Os$e<l, 0<esCl, 
we have ijjf e Co C 0(M]. Here Ae is the semi-norm on functions on M given by 

||.|| |f{Xl)-f(X2) 

xi,X2 I''-! ''■21 

Thus, in particular, every C^-function maps operator norm (respectively, trace 
norm) continuous paths into operator norm (respectively, trace norm) continuous 
paths. 

Finally, we complete the proof of Theorems |5] and |3] by establishing the follow- 
ing lemmas. 

Lemma 19. Let g, H foe compactly supported C'^ -functions on R such that g(x) — Ifor 
every xfrom some neighbourhood o/supp h and let r ^-^jrhea weakly continuous group 
of T-invariant '^-isomorphisms on M with the generator 6 : dom(6) i— > M, dom(6) C M. 
If^,X e M are self adjoint, then there are families of linear operators {Tj}, {Tj} and {T"} 
uniformly hounded on M and on L^ (M) such that 

(a) T3=T/ + T;'; 

(b) t;(Y) = g{F -F srX) T/ (Y), Y e M; 

(c) T3"(Y)=T;'(Y)g(F),YeM; 

(d) h{F-FsX)-h(F) ^TslsX); 

(e) ffFG dom{6)flndlimr_o||Tr(F) - f II =0,f/ieMh(F) G dom{b) and b{W{Y]] = 
To (6(F)); 

(f) T{To{Y)Z) =T(YTo{Z]], Y,Z e M; 

(g) linis^o IIL'(Y) -To'(Y)||i = lim.^o HT/'fY) - To"(Y)|li = 0, Y G L^M). 

Proof We set T^ = T^^^ (F + sX, F). It follows from [20, Corollary 7.6] (see also [37, 
Theorem 4]) that ri^n G Co. Consequently, we readily see that Q follows from [21, 
Corollary 7.2] (or Theorem FTT)! : and ||f| — from [36, Lemma 2.4]. 

Let gi be a compactly supported C^-function such that gi{x) — 1 when x e 
supp h and g(x] = 1 when x e supp gi. We set 

tl)i{A, p,) = gi{A)ilJh{A, ^l] and ^^2 = ^I'H -i^i- 

We also set T^' = 1^^ (F -F sX, F) and T" = Tii,^ (F + sX, F). We instantly have ©. 
Note that x]"!, i['2 G Co. Consequently, l[g|l follows from [20, Lemma 5.14]. 
We readily have from the construction that 

xi;i(A,H)=g(A)iJ;i(A,^). (18) 

Furthermore, it may be observed that we also have 

tJ;2(A,^t)=^2(A,H)g(H). (19) 

Indeed, since the function h is compactly supported, the function i|)h is supported 
in the cross Si U S2 C R x M, where the strips Sj, j =1,2 are given by 

Si={(A, |j,): Aesupph}, S2{(A, |i.): |i.esupph}. 

By construction the function ij;i coincides with tl^h on the strip Si, i.e. 

xJji(A, li.) =i|;k(A, ix), (A, |i.)eSi. 

Consequently, the function \|;2 — U'h ^ ^1 is supported within S2 which justi- 
fies (HD. 

Clearly, ijbj and ijc) follows from Theorem[T4]and ((TSl l and ((T9l . 
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Let us show IjeJ (we refer the reader to [19,35] for a more complete study of the 
connection between double operator integrals and domains of derivations). By 
definition 



F e dom(6) 



lim T 



Y =t(6(F)Y), YeL^M). 



(20) 



From [21, Corollary 7.2], we obtain that 

h(yt(F))-h(F)=St(Tt(F)-F), 

where St = T^,^ (Yt(F), F). Observe also that the family {St} is different from {Ts}. 
However, So = Tq. Now, 



T Y 



Tt(H(F))-h(F) 



t 
tIYSo 



So(6(F)) 
Tt(F)-F 



6(F) 



-r ssm 



Yt(F) 



+ t( Y 

6(F 



(St -So 



Yt(F) 



+ T {St-SS)(Y) 



yt(F) 



Letting t ^ 0, we see that the first term vanishes due to the fact that S2_is bounded 
on L^M) (see [36, Lemma 2.4]) and F e dom(6). Noting that the duaO family {S^} 
is a family of double operator integrals bounded on L^ (M) (see [36, Lemma 2.4]) 
and the family 

■Tt(F)-F- 



is uniformly bounded with respect to the operator norm (see (|20l l), the second 
term vanishes due to [20, Lemma 5.14]. Thus, according to lEOt h(F) G dom(6) 
and5(h(F)) =To(5(F)). D 

Lemma 20. Let cj) g C^o such that 4)(A, |x) — 4)(|j., A), A, |j. e M and such that 4> is 
supported in a square I x I, where I is an interval. Let D be a linear self adjoint operator 
affiliated with M and /ef T = Tjj, (D, D) fee a double operator integral (see [20]) which is a 
bounded linear operator on M. If L = xii^) is ^-finite, then, for every V e M, 

T(T(V))=T(f(D)V), wteref(A) =4)(A,A). (21) 

Proof. Observe first that 

T(l)=f(D). (22) 

Indeed, if cj) G CIq, then there is a measure space (S, t) and continuous functions as 
and |3s, s G S, such that 



4>(a,h) 



as(A) 3s(|i.)d-v(s) 



and 



where 



T(A) = 



as(D)A(3s(D)d-v(s), A G M, 
ksIL llPsIL dA.(s)<+oo. 



Consequently, (|22)l follows from 



T(l) 



as(D)l(3,(D)d^(s)=f(D). 



Here, we consider dual operator SJ: restricted on L^ (3Vt) C M*, see details in [36]. 
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Since the operator T is self-dual (see [36, Lemma 2.4]), we obtain that 

T (f (D) V) = T (f (D) EV) = T (T(l) EV) = T (T(EV)) = t (T(V)) , 
where the last identity follows from Theorem[l4l D 

6. Paths of self adjoint linear operators smooth in graph norm. 

As we observed in Section HI analytic spectral flow formulae for paths of un- 
bounded self adjoint linear operators are deduced from corresponding formulae 
for paths of bounded Fredholm operators via the mapping D i— > a}(D), where the 
function d is given in ((TOl l. Consequently, the question of smoothness properties 
of this mapping become of significant importance. This question has been studied 
deeply in [10,11,14,37,40,42]. 

The main result of the present Section is that the function x t-^ d(x) maps Cp- 
paths onto C^-paths with respect to the operator norm (see Theorem l22)l . This 
answers the question asked in [42, p. 21]. The proof is based on the following 
observation, which is a development of the technique presented in [37]. For every 
pair of self adjoint operators Dj, j = 0, 1, such that Di — Dq G B(!K) there is a 
lineao operator T on B(IK) such that 

Fi-Fo=t[(Di-Do) (l + D^)-^], (23) 

where the operators Fj are giveroby Fj — 5(Dj), j = 0, 1. In the present section, 
we shall further develop the above construction under the weaker assumption 
thatdoin(Do) C dom(Di) and the operator 

(Di-Do)(1 + D2)-^ 

is bounded which is equivalent to the operator Di — Do being bounded with re- 
spect to the graph norm of the operator Dq (see Lemma l23lbelow) . 
Now let us state the two major results of the present Section. 

Theorem 21. If {Dt} is a collection of self adjoint operators V-differentiable (see Defini- 
tion^ at the point t = 0, then the collection {Ft}, Ft = -^IDt ) is differentiable with respect 
to the operator norm at the point t = 0. 

Theorem 22. If I <E [0, 1] i-^ Dt is a C\-path (see Definition^ of self adjoint linear 
operators, then t G [0, 1] i-^ •9(Dt) is a C^-path with respect to the operator norm, where 
the function -9 is given by | [70l >. 

6.1. D-bounded operators. Let "K be Hilbert space and let D : dom(D) i-^ J{ be a 
linear operator with the domain dom(D) C J{. A linear operator A : dom(A) i-^ % 
(dom(A) C Jf) is called D-bounded if and only if dom(D) C dom(A) and there is a 
constant c > such that 

\\A[l]\\^^c{\\l\\l, + \\^[mli)\ tedom(D). (24) 

We let ||A||q be the smallest possible constant c > such that l|24)l holds. 



In the present section, we shall consider only the operator norm. Hence, we do not need an 



abstract von Neumann algebra. Instead, B (CK) will suffice, 

Vh 
(1 + Dg) ^ G £), then, since the operator T is bounded on the space £, the identity J23) yields that 



When the operator Di — Dq is bounded and the resolvent of Dq is £-summable (i.e.. 



IIFi-Follg ^c ||Di-Do|| ||(l + D^)-:f||^. 
The latter is proved in [37, Theorem 17] for an arbitrary symmetric ideal £. 
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Observe that if an operator A is Do-bounded and ||A||q < 1, then the opera- 
tor A is also D-bounded, where D = A + Dq. Indeed, suppose that < c < 1 is the 
constant such that ll24ll holds. It then follows that 



|1A(£,)||^ ^ c m\^ + IIDo(t)lk) ^ c (||£,||^ + ||D(£,)|1^ + WMDW^k) ■ 
This implies that 

mm^ ^ Y^ m\^ + mm^K) ^ ^ (ii^ii^ + iid(£,)ii^) ' . 

In other words, 

\/2 ||A||n 
IIAIId =^ ^ , °" . (25) 

Furthermore, if Dj : dom(Dj) ^^ 5{, j = 0, 1 and A : dom(A) i-^ Ui are linear 
operators and ||Di — DoH^ < 1, then A is Dp-bounded if and only if A is Di- 
bounded. Indeed, firstly since Di — Dq is Dp-bounded, we see that dom(Do) = 
dom(Di). Secondly, according to l|25ll , Di — Dq is also Di-bounded. Finally, if c is 
the Dg-norm of A and c' is the Di-norm of Di — Dq, then 

||A(Olk<c(||t||^ + ||Do(t)||^) 

^c (||£,||j, + ||Di(t)||5, + c' (||t|k + ||Di(Olk)] 

^ x/2c (1 + c') (ijtll^ + IIDi(t)ll^) \ ie dom(Do). 

Thus, if A is Do -bounded then A is Di -bounded. The opposite implication is sim- 
ilar. In other words, we proved that 

ci I|A||d^, < ||A||d^ <C2 ||A||d„, (26) 

where Ci and C2 are positive constants depending on||Di — DqIIq <1. 

Lemma 23. LetD : dom(D) ^-^ ^ be a self adjoint linear operator and let A : dom(A) i-^- 
"Khea linear operator such that dom(D) C dom(A). The following are equivalent: 
(i) A is T> -bounded; 

(ii) A (i + D)"i and A (-i + D)"^ are bounded; 
(iii) A (1 + D^)^2 is bounded. 

Proof. From (|3 to lUIll. If c > is a constant such that (|24)l holds, then, since 

(±i+D)"^(J{] Cdom(D), 
we have that 

||A(±t+D)-i(t)||j, 

^ c f||(±i + D)-i{^)||' + llD (±1+ D)-i(0 



^ + ||D(±i+D)-i(Of^ 

s$cV2 lltllj,, le'K. 

This means that the operator A (±1 + D)^^ is bounded. 

From ^ to Q. Let c — || A (±i + D)^^ || < +00. We instantly obtain that 

||A(^)||5, = ||A(±i+D)-i(±l+D)(f,)||^ 

sCc||(±i+D){^)||^s;c(||t|J3, + |lD(t)|lj,) 

^ c %/2 (llell^ + \mmliY\ I e dom{D), 
which means that A is D-bounded. 
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The equivalence of l|iill and l Hul l follows from the fact that the operators 

(±i + D)(l + D2)-^ and (1 + 0^)5 (±i + 0)-^ 
are unitary. D 

Remark 24. It follows from the proof of Lemma 1251 that 

^V2||A|U. 



^, IIAIIo < 



Afl + D^l^i 



Observe that, according to Lemma l23l and Remark l24l a path t h^ Dt is P- 
differentiable at the point t = (as defined in SectionH) if and only if dom(Do) C 
dom(Dt) in some neighbourhood of t = and 

Dt-Do 



lim 



Do 



0, 



in other words, if and only if the path 1 1-^ D t is differentiable with respect to the 
graph norm of the operator Do at the point t = 0. This observation further extends 
to 

6.2. The subspace L(D]. Recall that an operator A : dom(A) i-^ J{ is called sym- 
metric if and only if 

(A{£,),in) = (t,A(Ti)), t,inedom(A). 

LetD : dom(D) -^ !K be a self adjoint linear operator and let L(D) be the real linear 
space consisting of all symmetric A : dom(A) i-^ Di where dom(D) C dom(A) and 
suchthai3A(l + D2)-5 g B(5{). 

Next, observe that, since A is symmetric and (1 + D^)^ 2 is self adjoint, we have 

((1 + D2)-U(t),Ti) = {ME,), (1 + d2)-5 [^)) = (^, A (1 + d2)-5 [^)). 

Consequently, we have the implication 

A(1 + d2)-3 (=B(J{) =^ (l + D2)-^AeB(J{). (27) 

More precisely, if the operator A(l + D^]^2is bounded, then the operator (1 + 
D^)^2 A is closable and its closure is also bounded. 

Lemma 25. L(D) is a closed subspace of BCK). 

Proof. We prove that the subspace L(D ) is closed with respect to the weak operator 
topology. Let Bn G L(D), n ^ 1, and 

wo- lim Bn = B e B(J{). 
This means that there is a sequence An of symmetric operators such that 

Bn = An(l + D^)"^ and dom(D) C dom(An). 

We need to show that B e L(D). Introduce the operator A : dom(A) i-^ !K by 
setting 

dom(A) = dom(D) and A = B (1 + D^)i . 

We clearly have that the operator A ( 1 + D ^ ) ^ 2 is closable and its closure coincides 
with B i.e.. 



^^Here A(l + D^) ^eB(3<) means that the operator A ( 1 + D ^ ) ^ is closable and the closure 
belongs to B(:h:). 
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Consequently, we have only to verify that the operator A is symmetric. To this 
end, observe that 



= lim(Bn(l + D2]2(£,),Ti) 

n.— >oo 

= Km (A^(t),Tl) 

TL— i-OO 

= lim(£„An{Ti)) 

= lim(£„Bn{l + D2)5(:^)) 

= (e,B(l + D2)^(Ti)) 
= (t,A(Ti)), t,Tiedom(A). 
Thus, A is symmetric and therefore B G L(D). D 

For a closely related argument to the following see [29]. 

Lemma 26. Let Dj : dom(Dj) i-^ JC, ] — 0,1 be a self adjoint linear operator and 
letB g L(Do). If Di — Do is Do-bounded and ||Di — DqHq <1, then the operator Bq — 
[l + Dl)-iB{l + Dl)i is bounded and 

llBeKcollBll, 
for some constant Cq > and every ^ 9 ^ 1. 
Proof. Let A : dom(A] h^ J{ be a symmetric linear operator such that 

B=A(1+D2]-3 eB{J{). (28) 

In particular, 

dom(Do) C dom(A). 

The operator A is Do-bounded (see Lemma |23]|. According to l|26l l, the operator A 
is also Di-bounded. This further means (using (|27)l and Lemma |23]| that 

(l + D2)-^AeB(J{). (29) 

Let En = E°' (— n, n) be the spectral projection of the operator Dj, j = 0, 1. The 
operator E^AE^ is bounded since 

E^AE^ = E^B(1 + d2)^E^ 

Let 

Ce,n = (l + D?]-tE^BE°(l + D2)t. 

We clearly have that 

lim (Ce,n(t),ri) = (Be(t),ri), I e dom(Do), ri G dom(Di). 

Thus, it is sufficient to show that the operators Cn.e are uniformly bounded with 
respect to n. This follows from (|28), ||29] | and Lemma |27]below. D 

Lemma 27. Let A, Bj, j — 0,1 be bounded linear operators. IfB^,] — 0,1 are positive, 
then the operator B}^^ A Bq is bounded and 

||B}-^AB^|| ==; ||BiA||^"^ llABof , s: s: L (30) 

Proof. The lemma is a straightforward application of the three lines lemma (see [7, 
Lemma 1.1.2]) to the holomorphic function 

f£,^(z) = ||BiA|ri+^ llABoir" (Bi-^ABg(0,il), l,y\ e %, 
considered in the strip S={zeC:0<9^z<l}. D 
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6.3. The proof of Theorems I2TI and l22l The proof of Theorems |2T] and l22l rests on 
the properties of the operator T(|,(Di, Dq) where the function cj) is given by 

^iX,^)^m_lMa + ^^)^.. (31) 

A — |J. 

The difficulty about this operator is the fact that it is not bounded on B( J{). Thus, 
a direct application of the methods of double operator integrals and harmonic 
analysis is not feasible. Nevertheless, we shall show that this operator, when con- 
sidered on the subspace L(Do), is bounded and possesses all the properties needed 
to prove Theorems |2T] and l22l 

LetDj : dom(Dj) ^~* D{,j —0, 1 be a self adjoint linear operator such that Di—Dq 
is Do-bounded and ||Di — DqUo ^ ^. In order to introduce the operator J^ — 
T(j5(Di, Do) : l-(Do) i~^ B(3-C) (cf) is given in ||3T] |), let us consider another function 

M\^)-il + ^')i^^^^^il + ^')i. (32) 

A — |J, 

The operator T^|, = T^pfDi, Do) is bounded on B(J{], {T^ is equal to the operator Te 
with 6 = -^ introduced in the proof of [37, Theorem 14]). Observe also that the 
bound of operator T^, does not depend of the operators Dj, j =0,1. 

The fact that the operator J^ is bounded on B( J{) and Lemma l26l imply that the 
mapping 

B e L(Do) ^ T^,({1 + D2)-iB (1 + D^)^) e B(J{) (33) 

is a bounded linear operator L(Do) i--> B(IK) whose norm depends only on the 
quantity ||Di — Do||n . Furthermore, it is known (see [36], see also [35] for a 
more complete and detailed exposition) that the operators T,^ and T^p are bounded 
from £^ I— > £^, where L'^ C B(!K) is the Hilbert-Schmidt ideal and the following 
identity holds 

T<p{B)(l + D2)-3=(l + D?)-H^(B), Be £2^ 

The latter identity suggests that the mapping (|5^ is a (unique) bounded exten- 
sion of the operator T^ from L^ D L(Do) to the space L(Do). Motivated by this 
observation, we shall write T,^ = T^, (Di, Do) for the mapping (|33l l. 

Proof of Theorem^ Let T4,,t = T4, (Dt, Do) and let H = T4,,o(G) where G = Do (1 + 
Dq) ^ (observe that the subspace L(Do) is closed in B{J{) and therefore G e 
L(Do)). It now follows from Theorem [TT] that 

T't-Fo ,, ^ ^Dt-Do,, , ^2,- 



^ H = T^,t [ \ (1 + Do)"^ - G 1 + (T<p,t(G) - T^,o(G)) . 

When t ^ 0, the first term vanishes due to assumptions of the theorem and the fact 
that the operators T((, t are uniformly bounded. To finish the proof of the theorem, 
we need to justify that 

lim||T^,t(G)-T^,o(G)|l=0. (34) 

Letting T^,^t = T^plDt, Do) and 

Ct = (l + D?)-3G{1 + D2)i, 
we infer (via l|33] |) that 

T(t),t(G) — T(j,^o{G) — T^p^tlCt) — T^|,^o{Co) — T^|,^t{Ct — Co) + {T^|,^t{Co) — T^p^otCo)). 
Observing that T^p t are uniformly bounded, we see that it is sufficient to show 

lim llCt - Coll = and lini ||T^,,t{Co) - T^,,o(Co)|| = 0. (35) 



28 



A. CAREY, D. POTAPOV, AND F. SUKOCHEV 



The first limit in l l35l l is due to the following identity 



Ct — Co 



(1 + D?) 



-4G(1 



Dg) 



(d + D? 



2^-i(l. 



D 



2^i 



-(1 

l) Co 



D^) 



"4G(1 



and the following estimate (see Lemma l28lllill below) 



i + Dirm + Dir^-i 



< Co 



(Dt-Do)(l + D 



D^) 



2l-i 



(36) 



For the second limit in (|3E), observe that the operator T^|j t is precisely the oper- 
ator T4, t introduced in the proof of [37, Theorem 21]. Thus, the required limit 
follows from [37, Formula (6.8)] and the estimate (see Lemma l28llpT|l below) 



:i + D?)^-(i 



D^) 



< Co 



(Dt-Do)(l + Dc 



|s| < So, (37) 



for some constant Co > which may depend on sq- The latter estimate is an 
improvement of [37, Formula (6.16)]. The proof of the theorem is finished. D 

Proof of Theorem\2^ The proof is similar to the proof of Theorem 121] Indeed, let- 
ting T(|5^t,s — T(|5 (Dt, Ds) (4) is given in lISTt), we obtain 

Ht — Ho = T(|5^t,t(Gt) — T((,^o,o{Go) =T(|5^t,t(Gt) — T(|,_t,t(Go) 

+ T4,,t,t(Go) — T(|)^t,o(Go) 

+ T4,,t,o(Go) — T(|,^o,o(Go)- 

The first term vanishes since the operators Ttj, t,t are uniformly bounded and the 
assumption of the theorem; the last one does due to l|34|. To finish the proof, we 
need to show that 

lim ||T4,,t,t{Go) -T4,,t,o(Go)|| = 0. 



LetTx|,,t,s — Tx|j{Dt,Ds), where the function i|) is given in | |32|| and let 

Ct,s = (1 + D2]-3Go (1 + Dl)ie Bm. 
It then follows from the definition of the operator T(j, t,s that 

T4i,t,t(Go) — T(j,_t,o(Go) — Ti4,^t,t(Ct,t) ^ T^|,^t,o(Ct,o) 

= T^p t,o(Ct,o ^ Co,o) + Ti|,,t,t(Ct,t ~ Co,o) 

+ Ttp,t,t(Co,o) 

The first term vanishes due to the fact that the operators T^i^t.s are uniformly 
bounded and (|35] l. For the last term in (|38), observe that the operator T^^t.s is 
the operator T^.s introduced in the proof of [37, Theorem 21]. Therefore, the last 
term in (|38l l vanishes due to [37, Formula (6.11)] and the estimate (|37t . Thus, to 
finish the proof of the theorem, we need only justify that 

Co,oll=0. 



Tx|,,t,o(Co,o)- (38) 



lim llCt t 
For the latter, observe that 

Ct,t-Co,o=(l + D?)-3Go(H 



(39) 



D?) 



(1 + D2)-4Go(1 



Dg)^ 



Ct,t 1-(1 + D2)-4(i 



D§) 



((1 + D?) 



"Ml- 



Dl)i-i 



C, 



0,0- 



It is now clear that ||39] | follows from (|36l l and the fact that the operators Ct,t are 
uniformly bounded. The proof of the theorem is finished. D 

Lemma 28. Let Dj : dom(Dj ) t-^ 7{,] —0,lbea linear self adjoint operator. If Di — Do 
is Do-boundedand ||Di — Do||q ^ ^, then 
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(i) there is a constant Cq > such that 



[i + Dirm + Dir^-i 



s^Co 



(Di-Do](1 + D2]-5 



(ii) for every sq > 0, there is a constant Ci > such that 



2.-i 



1 + Df)--(1 + D^)- ^ci (Di-Do)(l + Di^)-5 , |s|<s 



Proof. lUI Let ussetGj — (1 + D?)2,j =0,1 for brevity. By Lemma l26l we have 

|g7^(Di-Do)Go^|| ^Co ||(Di-Do)G(7i||. 
Thus, it is sufficient to show that 



Consider the function 



s;co 



Gi^(Di-Do)Go 



Ti(Ai,Ao)=y p\'^% S g. Tj=(l + A2)^ j=0,l. 



(40) 



Ai — Ao 

Suppose that r\ e 0(B(J{)). The required estimate then follows from Theorem [17] 
which guarantees the identity 

G7^gJ-1=T^(G7^{Di-Do)Go^), 

where Tq = Tq(Di, Do). Thus, to finish the proof of (|i| we need show that r\ e 
0(B([K)]. This is justified by [37, Lemmas 7 and 9] and the following representa- 
tion of the function ri given in l|40] l 

Ti(Ai,Ao) = — f — +— f — 
Yi VTi/ To VTo 



t >0. 



where the fxinction f is given by 

f(t) = (i+t)-i (ti+t-iy\ 

^ We keep the notations of the proof above. Let so be fixed. Referring to 
Lemma l26lagam, we need only show that 



Gr-Gj'^ll^co Gi^{Di-Do)Go 



Let 



C{Ai,Ao)=Yi^ 



1 -yY - To 



Yo' 



Ai — Ao 
If C e 0(B(J{)), then we have the identity (see Theorem[T7|l 



Gr-GJ'^^Tcf^GiMDi-DoJGo^ 

where T^ — T^(Di,Do) and ^ follows. Thus, we need to establish that C € 
0(B(!K)). To this end, note that the latter function admits the representation 



C(Ai,Ao)=Ti=yo' 
where the function f is given by 

f (t) = - 



A]_^ /To 



Ti 



t— 



Yi 



-t^— 



Ao ^/Yi 
Yo VYo 



t)(ti 



-t"- 
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This, together with [37, Lemmas 7 and 9], imphes that C e cl)(B(5{)) (with the norm 
depending on s). The proof of the lemma is finished. D 

7. Appendix 

Homotopical equivalence between J^ and Jf^. We regard the sets 3^* and jf^ 
as topological spaces endowed with norm topology. 

Theorem 29. The space jf^ is a deformation retract of the space J, i.e., there is a con- 
tinuous mapping r : [0, 1] x J^ t-^ J* such that 

(i) r{0,F)=F,Fe:r*; 
(ii) r(l,F)e J±i,Fe J,; 
(iii) T(l,F)=F,FG:r±i. 

Proof. Recall that 3C is the two-sided ideal of all x-compact operators of M and n is 
the homomorphism 

n:M^ M/X. 

Also recall that if F is a self-adjoint T-Fredholm operator and Sp — ||'^(f) ^|| ' 
then, for every $J 6 < 5p, the spectral projection E''(— 6,6) isT-finite(seeLemma|2ll 
i.e., 

t(E''(-6,6)) <+oo, 0s^6<6f. 

Consider the intermediate space 5"^^ C J^ C 5F^ of all T-Fredhohn operators F 
such that the projection F''(— 6, 6) is T-finite, for every ^ 6 < 1. Clearly, it is suffi- 
cient to show that 3^^ is a deformation retract of 3^* and that 3^^^ is a deformation 
retract of 3^^. 

Observing that the function F i— s- ||7t(F)^^ 11 is continuous, we see that the defor- 
mation retract between 3^* and 3^1 is given by the mapping 

ri{t,F) =F (1-t + t ||7t(F]-i||)"^ eJ,, 0<t^ 1. 

To construct the deformation retract between 3^^ and 3^^^, let us consider the 
continuous function x{t) which is constantly 1 for t ^ 1, constantly —1 for t ^ — 1 
and linear for — 1 ^ t ^ 1. The function x is given by 

X(t) = i|t + l|-i|t-l|. 

Observe that the mapping F h^ x(F) is continuous in the norm topology (see [8, 
Theorem X.2.1]). Observe also that x(F) G ^f^, for every F e J^. Indeed, let us 
fix F g J^ and let Fi — x(F)- Clearly, ||Fi|| ^ 1. To see that 1 — Ff is T-compact, 
consider the points 6n = 1 — ■^, ti = 1, 2, . . . , and the projections 

En = EF(-6n+i, -6n] + E^[6n, 6n+i). 

Observe that, since F e J^, the projection E^ is T-finite, for every n = 1,2, 

Noting that 

E''(-1,1)=E''M-1,1) and (1 -Yl)L^' {±1} = 0, 
we obtain that 

oo oo oo ^ 

1 - F2 = (1 - F?) L^{-1, !) = (!- F?) ^ En = X (1 - ^?^ ^- ^ Z - ^^- 

n=l n=l Tt— 1 

The latter means that the operator 1 — F^ is T-compact. Thus, we may define the 
deformation retract between J^ and 3^f^ by setting 

r2(t,F) = (l-t)F + tx(F)e J:, O^ts^l. 

The theorem is proved. D 
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